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Abstrat. We lassify four-state spin models with interations along the edges
aording to their behavior under a spei group of symmetry transformations.
This analysis uses the measure of omplexity of the ation of the symmetries, in
the spirit of the study of disrete dynamial systems on the spae of parameters
of the models, and aims at unovering solvable ones. We nd that the ation
of these symmetries has low omplexity (polynomial growth, zero entropy). We
obtain natural parametrizations of various models, among whih an unexpeted
ellipti parametrization of the four-state hiral Potts model, whih we use to
loalize possible integrability onditions assoiated with high genus urves.
PACS numbers: 05.50.+q, 05.45+b, 02.30.I
Keywords: Integrability, spin-edge models, star-triangle relations, inversion
relations, birational transformations, omplexity, entropy.
1. Introdution
Our purpose is to desribe the struture of the set of spin models with interations
along the edges, and propose a lassiation of the matrix of Boltzmann weights of
suh models.
The main tool we use is the ation of a group of transformations whih was
exhibited in previous works onerning integrable models [1, 2, 3℄, and whih has its
origin in the so alled inversion relations [4℄. They are generated by basi involutions,
realized as birational transformations of the parameters of the models (we will all
this group of transformations I-symmetries).
We analyze the behaviour of the realizations of I-symmetries, espeially the
iterates of spei innite order elements of the group. The guiding priniple is
that a haoti behaviour of the realization of I-symmetries, signaled by a measure of
their omplexity (entropy), is preventing integrability of the orresponding statistial
mehanial model.
We onentrate on the four state models beause of their rihness, but the method
applies to all values of the number q of states.
The paper is organized as follows: we desribe the models we have in mind
and the ation of I-symmetries. We then desribe the lassiation of the models
aording both to the dimension of their parameter spae and to their behavior under
I-symmetries. We reover, in the ourse of this lassiation, a number of known
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two-dimensional models whih have been studied in the literature, among whih the
standard salar Potts model [5℄, the Ashkin-Teller model [6℄, the Kashiwara-Miwa
model [7℄, and the four-state hiral Potts model [8℄. One setion is devoted to the
analysis of denite models. Among other results, we give an unexpeted‡ ellipti
parametrization of the hiral Potts model. We give a onstrutive way to write
expliitly the algebrai lous where the group of I-symmetries degenerates into a nite
group, leaving room to solvability. We nally omment on the speiity of four-state
models as ompared to three and ve or more states.
2. Spin edge models, I-symmetries, and admissible patterns
The models are dened on a D-dimensional regular lattie (square, triangle,
honeyomb, ubi, . . . ), eah vertex bearing a spin σ whih an take q values. A model
is dened by giving the matrix of Boltzmann weights of loal edge ongurations: the
state of an edge is determined by the values of the spin at its ends. One arranges the
weights in a matrix W whose entry Wi,j is the weight of the edge onguration with
one end in state i and the other end in state j. Notie that edges are oriented, and
W is not neessarily symmetri. One may furthermore distinguish dierent types of
bonds, like, for example, vertial and horizontal ones on a square lattie, and the most
general non isotropi model is then assoiated to a number of q× q matries Wν , one
for eah type of bond.
Sine the entries of the matries W are Boltzmann weights, W is dened up to
an overall multipliative fator. The most general matrix is then a olletion of q2
homogeneous entries, dened up to a fator.
Simple transformations may be dened, whih at on the matries W , forming
the group of I-symmetries. This group is generated by simple involutive generators,
namely the matrix inverse I, and the element by element inverse J , both taken up to
a overall multipliative fator. They may be written
I : Wkl −→ Akl (1)
J : Wkl −→ 1/Wkl (2)
where Akl is the ofator of Wkl in W . To have a well dened ation of J , we assume
that entries are non vanishing.
The two generators are non ommuting involutions. They generate an innite
group isomorphi to the dihedral group Z2 ⋉ Z. Its innite part is made of the
iterations of ϕ = I · J and its inverse ϕ−1 = J · I.
We will build families of models by suessive redutions of the number of
parameters, obtained by imposing equality relations on the entries of the Boltzmann
matrix W .
To illustrate this, onsider the hiral Potts model: its Boltzmann weight matrix
is a yli matrix W , where instead of keeping all q2 entries independent, one imposes
the following equality onditions:
Wu,v = Wu+1,v+1 (3)
‡ Espeially in view of the ourrene of higher genus urves in the solutions of the star-triangle
relations [9, 10℄
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w0 w1 w2 w3
w3 w0 w1 w2
w2 w3 w0 w1
w1 w2 w3 w0

 (4)
instead of the general 4 × 4 matrix. The number of parameters has gone down from
16 to 4 beause we have imposed 12 equality relations.
The speiity of this type of relations is two-fold. Any relation of the form
Wa,b = Wa′,b′ for some pairs of indies {a, b}, {a′, b′} denes a pattern of matrix
whih is automatially left stable by the generator J of the group of I-symmetries.
Some pattern dened in this way will also be left stable by the matrix inversion
I, but not all of them. We will say that a pattern is admissible if its form is left stable
by matrix inversion [1℄.
Giving a pattern is equivalent to giving a partition of the q2 entries of W . The
number of possible patterns, that is to say the number P (q2) of partitions of q2 objets,








k! (s− 1− k)! (5)
It grows extremely rapidly with the number q of spin states. It is 21147 for q = 3,
10480142147≃ 1010 for q = 4, and 4638590332229998592≃ 4.6 · 1018 for q = 5.
Our rst step is to determine whih of the P (q2) patterns are admissible. For
q = 4 this was done by diret inspetion of the P (16) ≃ 1010 patterns. The outome
is a list of 166 patterns. We have not onsidered vanishing onditions on the entries,
and we restrit ourselves to invertible matries §, so that both I and J are dened
and invertible.
There are trivial redundanies in this list beause any of the q! permutations of
the q values of the spin, i.e. the same permutation ating on simultaneously on the
rows and olumns of W will take an admissible pattern into an admissible pattern: it
ats by similarity on W , and ommutes with I-symmetries. This redues the list to
only 42 dierent admissible patterns, given in Appendix A.
We see that there are no admissible patterns with 9, 11, 12, 13 , 14, or 15 free
(homogeneous) parameters.
A matrix of the form (4) of the previous setion belongs to the similarity lass of
pattern #17, whih ontains three elements (see later):

w0 w1 w2 w3
w3 w0 w1 w2
w2 w3 w0 w1





w0 w1 w2 w3
w2 w0 w3 w1
w1 w3 w0 w2





w0 w1 w2 w3
w1 w0 w3 w2
w3 w2 w0 w1
w2 w3 w1 w0


These patterns have four homogeneous independent parameters [w0, w1, w2, w3]. Sine
they are admissible, there is an ation of the homogeneous matrix inversion I on
[w0, w1, w2, w3], whih reads, when written for the rst of the three representatives
(yli matrix):
w0 −→ w30 − 2 w0w1w3 − w0w22 + w2w23 + w21w2
§ Neither have we onsidered equality up to sign between entries [11℄.
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w1 −→ − w31 + 2 w0w1w2 + w1w23 − w3w20 − w22w3 (6)
w2 −→ w32 − 2 w1w2w3 − w2w20 + w0w21 + w23w0
w3 −→ − w33 + 2 w0w2w3 + w3w21 − w1w22 − w20w1
The ation of J reads, if we use the homogeneity of the entries:
[w0, w1, w2, w3] −→ [w1 w3 w2, w0 w3 w2, w0 w1 w3, w1 w2 w0]
3. Complexity analysis
Sine I-symmetries are essentially the iterates of ϕ = I · J , their ation looks like a
disrete time dynamial system dened on the parameter spae of the model. The
measure of omplexity we use is given by the rate of growth of the degrees of the
iterates of ϕ. Indeed one we have redued the ation of I and J to the pattern,
the ation of ϕ is a polynomial transformation on the independent parameters. All
expressions have a denite degree d. The n-th iterate naively has degree dn, but sine
we work with homogeneous oordinates, we should fator out any ommon fator, so
that the degree may drop to a lower value dn.






If ǫ = 0 the growth of dn is polynomial in n and dn behaves like
dn = α n
κ (1 +O(1/n)) (8)
and one may then dene a seondary omplexity index assoiated to the map,
the integer power κ.







This funtion was onjetured to always be rational with integer oeients, i.e.





with P and Q some polynomials of degree p and q with integer oeients. It is
suient in pratie to alulate the p + q rst terms of the sequene to infer this
generating funtion‖. Any further degree alulation serves as a veriation.
If the roots of the denominator of the generating funtion are all of modulus one,
then the entropy vanishes, and we may onsider the seondary index κ.
To illustrate the method, we may look at pattern #17 as in the previous setion.
The degree of ϕ is 9. The rst iterations of ϕ yield the sequene of degrees:
[1, 9, 33, 73, 129, 201, 289, 393, 513, 723, . . .] (11)
The beginning of the sequene (up to d6) may be tted with the generating funtion
g(s) =
(1 + 3 s)2
(1− s)3 (12)
‖ The ath is that the values of p and q are not known in advane.
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whih is ompatible with the above-mentioned onjeture. The subsequent terms are
then be predited orretly, and g17 is found. We see that the growth of the degree is
polynomial (ǫ = 0) and the seondary index is κ = 2.
For eah pattern the dierent representatives yield the same transformations and
onsequently the same generating funtion.
If the entropy ǫ vanishes, the seondary index may be read from the generating
funtion g: if g(s) has a pole of order γ at s = 1, then κ+ 1 = γ.
We have written the realizations of ϕ = I · J for the admissible patterns, and
alulated the generating funtion for all of them. The result is that for all 42
admissible patterns the growth of the degree is polynomial, i.e. the entropy vanishes,
and the index κ takes values 0, 1, 2 and 3 (see the following setions, Appendix A and
Appendix B).
The omplexity an also be estimated using the following arithmetial proedure:
start with a matrix with random integer entries, and iterate ϕ, dividing all the
oeients by their greatest ommon divisor. The omplexity an be estimated from
the growth of a typial entry. In pratie the number of digits of the entries grows like
λn, with ǫ = logλ. Sine the entries of the matrix grow fast, one has to use speial
representation of the integers allowing to manipulate arbitrary large values [14℄. In
pratie one performs the iteration with several initial random integer matries. The
average l(k) of the logarithm of the entries is reorded as a funtion of the number of
iterations k. The entropy ǫ or the seondary index κ are easily dedued from l(k).
4. Struture of the set of admissible patterns
There exists a partial order relation on the set of patterns, indued by the partial
order on the partitions of the entries. Indeed a partition α = {α1, α2, . . . , αµ} may be
ner than a partition β = {β1, β2, . . . , βν}, if all parts onstituting α are subsets of
the onstituents of β:
α ≺ β, if ∀k = 1 . . . µ, ∃ l s.t. αk ⊂ βl (13)
If α ≺ β will say that β is a desendant of α. We obtain a desendant by adding
further equality relations on the entries, i.e. merging parts together.
As an illustration, pattern#3 i.e. the standard salar Potts model is a desendant
of pattern #17 i.e. the hiral Potts model. All patterns are desendant of pattern
#42 whih has the nest partition.
The list of immediate desendants of the various patterns an be given with the
notation [ Pattern number, { list of diret desendants}℄, where {} indiates an empty
list.
[4, {2}], [5, {1}], [6, {}], [7, {1, 3}], [8, {3}], [9, {2}], [10, {4, 5}],
[11, {4, 6}], [12, {4}], [13, {6}], [14, {5}], [15, {7}], [16, {5, 7}],
[17, {6, 7}], [18, {9}], [19, {8}], [20, {5, 6}], [21, {12}], [22, {8}],
[23, {4, 7}], [24, {9}], [25, {15}], [26, {16, 17, 20, 25}],
[27, {13, 14, 20}], [28, {19, 22}], [29, {12, 15, 23}], [30, {10, 14, 16, 23}],
[31, {11, 13, 17, 23}], [32, {18, 24}], [33, {10, 11, 20, 21}],
[34, {8, 9, 23}], [35, {21, 25, 29}], [36, {23}],
[37, {26, 27, 30, 31, 33, 35}] [38, {18, 22, 29, 34, 36}], [39, {24, 30, 34}],
[40, {26, 30, 36}], [41, {19, 31, 34, 36}], [42, {28, 32, 37, 38, 39, 40, 41}]
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Figure 1: Diagram of desent relations.
5. Extended permutation lasses
If two patterns Π1 and Π2 verify Π2 = L ·Π1 ·R, where both L and R are permutation
matries, the realizations of ϕ1 = I1 · J1 (resp. ϕ2 = I2 · J2) we get from Π1 (resp.
Π2) are again of the same degree, even if L and R are not inverse of eah other. We
even have ϕ21 = ϕ
2
2. This explains why in the table of generating funtions, non similar
patterns may share the same generating funtion. In the gures, we have used framing
boxes to indiate these equivalenes, listed in the following table:
# param. Classes
2 Γ1 = {1, 2, 3}
3 Γ2 = {4, 5, 6, 7}
4 Γ3 = {8, 9}, Γ4 = {10, 17}
Γ5 = {11, 16}, Γ6 = {12, 13, 14, 15}
5 Γ7 = {18, 22}, Γ8 = {19, 24}
Γ9 = {20, 23}, Γ10 = {21, 25}
6 Γ11 = {26, 30, 31, 33}, Γ12 = {27, 29}, Γ13 = {28, 32}
7 Γ14 = {34, 36}, Γ15 = {35}
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8 Γ16 = {37}
10 Γ17 = {38}, Γ18 = {39, 40, 41}
16 Γ19 = {42}
Remark: ϕ2 ommutes with matrix transposition t as well. A a onsequene, t
ats on the lasses Γ. It atually ats trivially on these lasses.
6. Gauge equivalene
It is important to take into aount the usual gauge symmetries of the Boltzmann
weights. Their ation may be represented by a similarity transformation:
W −→W ′ = g−1 ·W · g with g =


s1 0 0 0
0 s2 0 0
0 0 s3 0
0 0 0 s4

 (14)
They ommute with the generator I of I-symmetries, but not with J . However, if two




1/s1 0 0 0
0 1/s2 0 0
0 0 1/s3 0
0 0 0 1/s4

 .
This means that J has a well dened indued ation on the gauge equivalene lasses,
although it does not ommute with the gauge transformations. Transformations as
(14) yield the following equivalenes:
Γ6 = {12, 13, 14, 15} −→ Γ2 = {4, 5, 6, 7}
Γ7 = {18, 22} −→ Γ3 = {8, 9}
Γ12 = {27, 29} −→ Γ9 = {20, 23}
Γ13 = {28, 32} −→ Γ8 = {19, 24}
Through these equivalenes we have redutions by one unit of the number of
parameters. Moreover for all these redutions, there exists an I-invariant whih an
be hanged by the ation of gauge transformations, and the redution amounts to xing





w0 w1 w2 w2
w1 w0 w2 w2
w3 w3 w1 w0
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is I-invariant. It an be brought to the value ∆ = 1 by a gauge transformation of the
form (14) with s1 = s2 , s3 = s4, and w2 s
2
3 = w3 s
2
2. This makes W
′
12 = g
−1 ·W12 · g
symmetri and yields pattern #4, with Boltzmann matrix:
W ′12 =W4 =


w0 w1 w2 w2
w1 w0 w2 w2
w2 w2 w1 w0
w2 w2 w0 w1

 .
We may piture the gauge equivalenes by the following diagram:
38 39 40 41
42
1 2 3
10 178 9 12 13 14 15 11 16
4 5 6 7
34 36
18 22 19 24
28 32 27 29
20 23




Figure 2: Gauge redutions
The usual models whih have been studied in the literature are present in the top
of this list (they have a low number of parameters). The standard salar Potts model
is pattern #3. The symmetri Ashkin-Teller model is pattern #7. The Ashkin-Teller
(alias Kashiwara-Miwa [7℄ with N = 4) model is pattern #16. The hiral Potts model
is the pattern #17.
They all share the property that I-symmetries have rational invariants, i.e. the
orbits of the realization of I-symmetries are onned to algebrai varieties. Sine we
know how ruial is the role played by these varieties in the solvability of the models,
it is natural to look for the struture of invariants of the admissible patterns.
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7. Invariants of the ation of I-symmetries
Sine all elements in an extended lass yield the same birational realizations, up to a
permutation of oordinates, invariants may assoiated to the lasses Γ.
The desendane of a given pattern being obtained by adding relations among
the entries of W , desendants inherit indued invariants (rational or not). Some
invariants will disappear or oalese in the proess. What might also happen is that
a transendent invariant degenerates to a rational one.
The value of κ is related to the existene of onserved algebrai varieties under
the ation of I-symmetries. If there exist invariant algebrai urves, κ is neessarily
0, 1 or 2 [15, 16℄. If the urves are rational, κ = 0 or 1. The values of κ are shown on
the following diagram.
21 25
38 39 40 41
42
1 2 3
10 178 9 12 13 14 15 11 16
4 5 6 7
34 36
18 22 19 24
28 32
20 23







Figure 3: Values of the index κ
All the values of κ are orroborated by the proedure presented in paragraph 3.
A number of iterations of the order of thirty and an averaging over a number of the
order of ten initial matries is enough to get a good preision on the value of κ.
There exists an unbounded algorithm to nd rational invariants [12℄. There is
however no simple way to disover the non-rational ones, and it is an open problem to
nd all I-invariants. When the number of parameters is small, a graphial approah
may be extremely useful (see later with pattern #25). In the next setion we will
examine in detail the struture of typial patterns.
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8. Analysis of spei patterns
8.1. Pattern #3: Standard salar Potts model




w0 w1 w1 w1
w1 w0 w1 w1
w1 w1 w0 w1
w1 w1 w1 w0


In term of the parameter w = w1/w0, the ation of ϕ = I ·J redues to a homographi
transformation: I : w → −2 − w, J : w → 1/w, ϕ : w → −2 − 1/w. In terms of the
variable t = 1/(1 + w), ϕ is the translation t −→ t− 1.
8.2. Pattern #7: Symmetri Ashkin-Teller model




w0 w1 w2 w2
w1 w0 w2 w2
w2 w2 w0 w1
w2 w2 w1 w0


and there is one algebrai invariant
∆7 =
w0 w1 − w22
w2 (w1 − w0)
The urves ∆7 = a have a rational parametrization:
w0 = t, w1 =
1− at
t− a , w2 = 1
8.3. Pattern #8




w0 w1 w1 w1
w1 w2 w3 w3
w1 w3 w2 w3









2w3 − 2w0 w3 w2 − w0 w32
w2 w12 − w0 w32 (16)
is invariant by J and hanges sign under the ation of I. The ation of ϕ exhanges
the surfaes Σ+ (∆
(1)
8 = a) and Σ− (∆
(1)
8 = −a). Sine the ondition ∆(1)8 = a may
be solved rationally in w0, we may write the ation of ϕ
2
on Σ+, with oordinates
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w1, w2, w3. In terms of the inhomogeneous variables x = w1/w3 and y = w3/(w2+w3),
it reads:
x −→ x′ = x · (b+ by − y)
(2 + y) (by − 2 y + b− 1) (17)
y −→ y′ = y + b (18)
with b = 2a/(1 + a), and the quantity
∆
(2)
8 = x Φ(y) with (19)
Φ(y) = Γ
(


















is invariant by the ation of ϕ2 on Σ+. This example, where κ = 1, possesses a
mixture of algebrai and non-algebrai invariants, whih an be evaluated exatly.
The orbits of ϕ are onned to non-algebrai urves, and the n-th iterate may be
written expliitly:




The orbits aumulate to the point (x∞, y∞) = (∆
(2)
8 (x0, y0),∞), whih is a point on
the line w2 + w3 = 0.
Pattern number 8 leads to pattern number 3 if w3 = w1 and w2 = w0, in whih
ase the above two invariants take denite values: ∆
(1)
8 =∞ and ∆(2)8 = 1.
8.4. Pattern #16: Ashkin-Teller model





w0 w1 w2 w3
w1 w0 w3 w2
w2 w3 w0 w1
w3 w2 w1 w0

 (22)




w1 w3 − w0 w2
w0 w1 − w3 w2 , ∆
(2)
16 =
w1 w3 − w0 w2
w0 w3 − w1 w2 (23)
Fixing the values of these two invariants to a1 and a2 determines an ellipti urve in
the spae of parameters. The equation of this urve is
a1x













8.5. Pattern #17: Chiral Potts model
The hiral Potts model is equivalent to pattern#17. Its Boltzmann matrix was already




w3 w2 − w0 w1





w0 w2 − w12
) (
w0 w2 − w32
)
(w0 w3 − w1 w2)2
(26)
A lassiation of four-state spin edge Potts models 12
The ondition ∆
(1)
Potts = a may be solved rationally in w0. Setting ∆
(2)
Potts = b, together
with x = w1/w2 and y = w3/w2, yields the equation of an ellipti urve to whih the
orbit is onned:
(x− y)2 (x+ y)2 b− (−yx2a+ ax+ x3 − y) (−y + ax+ y2x− y3a) = 0 (27)
We may illustrate the eieny of the graphial method in this ase, sine the set
of the iterates of ϕ is dense in a urve¶. Figure 4 shows a typial orbit in the three
dimensional spae of parameters. The orbit is projeted on a oordinate plane. The




Figure 4: A typial orbit of ϕ = I · J for the hiral Potts model
The transformations I and J may be restrited to the quadris a = cst. They
may be written on x and y, for xed a.
Ia : x −→ x′ = −y
3 − 2 y2xa+ 2 ya+ x2ya2 − a2x− x
1− ay2 + a2yx− xy − a2 + ax2 (28)
y −→ y′ = y
2x− 2 x2ay − y − ya2 + 2 ax+ x3a2
1− ay2 + a2yx− xy − a2 + ax2
Ja : x −→ x′ = 1/x, y −→ y′ = 1/y (29)
¶ Contrary to what happens in the example of pattern #8 above.
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The transformations Ia and Ja leave the urves (27) globally invariant whatever a and
b are.
The modular invariant of the ellipti urve (27) is given by
j = 1728
g32
g32 − 27 g23
, with (30)
g2 = 1 + 256 b
4 − 512 ab3 − 16 b2a4 + 288 b2a2 − 16 b2 + 16 a5b
− 32 a3b+ 16 ab− 4 a6 + a8 − 4 a2 + 6 a4
g3 =
(
1− 32 b2 + 32 ab− 2 a2 + a4) (1 + 16 b2 − 16 ab− 2 a2 + a4)
× (1− 8 b2 + 8 ab− 2 a2 + a4) /(3√3)
The modular invariant (30) an be written
j = 256
(1−M +M2)3
M2 (1 −M)2 ,
where
M = (1 − 2a+ a
2 + 4b)(1 + 2a+ a2 − 4b)
(1− a)2(1 + a)2 (31)
is the square of the modulus of the ellipti funtions parametrizing the urve. Notie
that M is ambiguously dened by ondition (31), and may be replaed by any of the
six values {M, 1−M, 1/M, 1− 1/M, 1/(1−M),M/(M− 1)}.
There are equivalent symmetri biquadrati forms of the urve (27):


















)− (Jx + Jy) (p2 + q2)+ 4 Jz p q = 0
with
Jx = 2 a, Jy = 4 b− 2 a, Jz = a2 + 1, and M = Jz
2 − Jy2
Jz
2 − Jx 2
Changing M to 1−M or 1/M amounts to permuting Jx , Jy , and Jz .
Generi orbits of ϕ = I · J are innite, but we know how important are the
degenerate ases where these orbits are nite: for two-dimensional lattie models, this
is where non trivial star-triangle integrability takes plae [9, 17℄. For given values of
a and b, the ation of ϕ is a shift on the urve (27).
It is possible to write down the Weierstrass form of the urve













and give an expliit oordinate transformation from the original variables (x, y) to
[X,Y ]. We obtained the transformation through Maple's implementation of the van
Hoeij algorithm [18℄ , after setting b = a+ 1/u2.
+
The normalizations ould be hanged, and the powers of 1/(b−a) ould be absorbed in the denition
of X and Y .
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The ation of ϕ, when written on (32) is the addition∗ of the point Π+ with
oordinates [Xπ+ , Yπ+ ]:
Xπ+ = − 1/12
1 + 16 b2 + 8 ab− 2 a2 + 12 b+ 12 a2b+ a4
(b− a)4
Yπ+ = 1/2
b (1 + a)2
(
1 + 4 b− 2 a+ a2)
(b− a)6
Although the hange of oordinates depends on u, the [X,Y ] oordinates of the point
Π+ depend only on u
2
and may be written rationally in terms of a and b.
The inverse map ϕ−1 is the addition of the opposite point Π− = [Xπ+ ,−Yπ+ ].
Notie that both Π+ and Π− are obtained from the double point x = −1/au, y = ∞
of (27) in the desingularisation proess whih leads to the Weierstrass form (32).
The sum of Π± with itself, denoted 2 ·Π±, is given by
[−1/12 1 + a
4 + 10 a2 − 16 ab+ 16 b2




(2 b− a) a
(b− a)6 ] (34)
and the multiples n · Π± are then easily obtained by reurrene. Their [X,Y ]
oordinates depend only on u2 and may be re-expressed rationally in terms of a and
b.
The point 2 ·Π+ orresponds to the point










1− u2a3 − a2 )
of the original urve (27).
The ondition ϕ(m+n) = id is just:
X(n ·Π+) = X(m ·Π−) and Y (n ·Π+) = −Y (m · Π−)
As an example, the ondition that ϕ is of order 3 is:
v3 = (1 + a)
2 b− a2 = 0 (35)
whih is an algebrai ondition on the entries of the Boltzmann matrix, and an be
heked diretly.





(2 b− a) a
The ondition 2 b − a = 0 is preisely the ondition appearing in [9, 17℄, where
solutions of the star-triangle relations related to higher genus urves were exhibited.
The ondition v3 = 0 is not known to yield similar integrability onditions and was not
found to yield any transition in the statistis for the Random Matrix Theory approah
(see [19℄).
8.6. Pattern #25
This example is a good illustration of the mixed use of algorithmi researh of algebrai
invariants, graphial method, and the knowledge of the entropy and index κ. The
∗
To add two points on the ubi (32), draw the straight line through the two points. Compute the
third point of intersetion of the line with the urve, and take its symmetri under Y → −Y .





w0 w1 w2 w3
w4 w0 w4 w2
w2 w3 w0 w1
w4 w2 w4 w0

 (36)





w0 w1 − w3 w2





w4 w3 − w02
) (
w1 w4 − w22
)
(w4 w3 − w22) (w1 w4 − w02) (38)
Drawing orbits of the iterates of ϕ leads, with a proper hoie of starting point, to
pitures like Figure 5. Contrary to what happens with pattern #17 (Figure 4), the




Figure 5: A typial orbit of I-symmetries for pattern #25
Suh a piture indiates that there exists another independent invariant. Would that
invariant be algebrai, the stable urves would be ellipti, and we know that the index
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κ would then be less than 3. Sine κ = 3 we know this additional invariant has to be
non-algebrai.
Equation of the surfae Σ1 : ∆
(1)
25 = a may be solved for w1. We get an expression
of I and J on Σ1. Changing variables to
[x, y, z, t] = [w20 , w0w2, w0w3, w3w4]
we obtain:
Ia([x, y, z, t]) = [ x (x+ ay − at− t)2 (x+ y) (x+ ay) ,
(x+ y)
(−yx+ xta+ xt− y2a) (x+ ay) (x+ ay − at− t) ,
− z (x+ y) (x2 + xta2 − xt− y2a2) (x+ ay − at− t) ,
(x+ ay) (x− y) t (x2 + xta2 − xt− y2a2)] (39)
with remaining algebrai invariant
∆a25 =
x (t− y) (yt− yx− y2a+ axt)
(x− y)2 t (x+ y) (40)
Notie that in equation (39), the third oordinate z is just multiplied by a fator
depending on the other oordinates, and does not appear anywhere else in the indued
transformation Ia nor in the invariant ∆
a
25. The urves ∆
a
25 = b are ellipti urves
in the variables (x, y, t), extending to ylinders in [x, y, z, t]. The urve appearing on
Figure 5 is drawn on suh a ylinder.
We may examine a partiular value of b where the urve ∆a25 = b degenerates
to a rational urve, but there exists a transendent invariant for Ia. The rational
parametrization of the ylinder is
[x, y, z, t] = [
s2t (1 + sa)
s+ a
,
st (1 + sa)
s+ a
, z, t] (41)
The indued map (I · J)2 may be written
S −→ q2 S, z −→ z T (S)
T (q S)
(42)
with T (S) =
(1− S)(1 − q3 S)
(1− q2 S)(1− q5 S) and
S =
s− q−1
s− q , q = −1/2
a+ 1 +
√
(1 − a) (1 + 3a)
a
.







then the 2nth iterate of (i.j) reads
S2n = q
4n S0, z2n = z0 · Π(S0)
Π(S2n)
(44)
i.e. the transendent quantity ∆ = z · Π(S) is invariant by (I · J)2. The onvergene
of these Eulerian produts is ensured when a ∈ (−1/3, 1). Suh values of a would
produe orbits with aumulation points. If a is outside this interval, then q has unit
modulus and the orbits are similar to the one shown in Figure 5. The quantity Π(S)
is replaed by the standard analyti prolongation.
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9. Other values of q
We have investigated the struture of the set of admissible patterns for other values
of q.
The value q = 4 is an important threshold. It is known to be one for the standard
salar Potts model in statistial mehanis [5℄, and for the hromati polynomials
and oloring problems. What we show is that it is the maximal value ensuring the
vanishing of entropy, whatever admissible pattern we hoose.
In the ase of a yli matrix of size q (hiral Potts model), with entries
[w0, . . . , wq−1] there is a simple relation between matrix inverse and element by element
inverse. Dene the linear transformation C (disrete Fourier transform, or Kramers-
Wannier duality)




where ω is the q-th root of unity. We then have:
I = C−1 · J · C.
It is possible to analyze the singularity struture of the transformations I and J , and
prove that the generating funtion for the degree of the iterates of ϕ for the hiral
Potts model with q states is [13℄
fq(s) =
(1 + s (q − 1))2
(1− s) (1− s (q2 − 4 q + 2) + s2) . (45)
As soon as q ≥ 5, the entropy beomes stritly positive for this family of admissible
patterns.
For all sizes q, there exists a pattern depending on q(q + 1)/2 homogeneous
parameters: the symmetri matrix.
An open question is to deide whether or not there exist patterns depending on
r parameters, with q(q+ 1)/2 < r < q2. For q = 3 and q = 4 there is a no man's land
between q(q + 1)/2 parameters (symmetri matrix) and q2 parameters (generi q × q
matrix).
Another open question is to know if there is anything between yli and
symmetri matrix when q is prime.
The value q = 2 is trivial and yields a nite group of symmetries. When q = 3,
the same analysis an be performed ompletely (see below). When q = 5, the number
of patterns is too large to be thoroughly examined, and we have restrited ourselves
to patterns with only three homogeneous parameters.
Of ourse there exist admissible patterns with larger values of q still yielding
vanishing entropy. They may have for example a blok struture, the bloks being
themselves admissible patterns of smaller sizes [20, 21, 22, 23℄.
9.1. Three state models
The analysis an be made along the same lines as for the four-state models:
enumeration, alulation of the entropy, alulations of invariants, et. It is
summarized here.
The number of partitions of nine objets is 21147 and the number of admissible
patterns is only 9, when equivalenes are taken into aount. The list of patterns is
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given in Appendix C. For patterns #1,#2,#3,#4 the group of I-symmetries is nite.
Patterns #3 and #4 are related by an extended permutation similarity as dened in
setion (5). Patterns #5 and #6 yield the same generating funtion for the degrees
of the iterates of ϕ
g5 = g6 =
(1 + 2 s) (1 + s)2
(1 + s+ s2) (1− s)2
,
and the trajetories of ϕ are onned to algebrai urves. Patterns #7,#8,#9 yield
the generating funtion
g7 = g8 = g9 =
1 + 6 s+ 9 s2 + 2 s3 + 6 s6 + 3 s7 − 6 s8 − 3 s9
(1 + s+ s2) (1− s)2 . (46)
Patterns #7 and #8 (pattern #8 is the 3×3 symmetri matrix) are also related by an
extended permutation similarity. A list of algebrai invariants is given for the various
patterns in Appendix D.



















w3 w4 (−w1 w2 + w4)





w5 w4 (−w1 w2 + w4)
(−w3 w5 + w42) (−w1 w5 + w4 w2)w1
∆3 = ∆
2
1, ∆4 = ∆1 ∆2, ∆5 = ∆
2
2
where ∆1 and ∆2 are left invariant by the ation of ϕ.
The appearane of third root of unity in 46 has to do with the speiity of the
third power of ϕ.
There is a parametrization of the general three-state model (pattern #9) whih
simplies the ation of I-symmetries. The matrix of Boltzmann weights reads
W =





If one introdues the quantities
α = w20 , β = w
2
4, γ = w
2
8










The array [α, β, γ, δ, ǫ, ζ] transforms under ϕ3 by multipliation of its entries by fators
[kα, kβ , kγ , kδ, kǫ, kζ ]. One an hek that all the ratios kα/kβ, . . . are invariants of ϕ
3
.
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In a similar way, the three quantities [λ, µ, ν] transform under ϕ6 by multipliation by
fators [kλ, kµ, kν ] whih are all invariants of ϕ
6
.














w2 w6 w5 w7
]
9.2. Five state models and beyond
The number of partitions of 25 objets is over 4.1018. To enumerate the ongurations
is beyond reah. We have restrited our analysis in the following way: if one
looks for partitions with only three parts, that is to say ve-state models with
only three possible olors (three homogeneous parameters), then there are only
141197991025 ≃ 141.109 patterns. We have performed their full enumeration, and
found the subset of admissible ones. The interesting result is that there exits a unique
admissible pattern, up to permutations of rows and olumns: the symmetri Potts




w0 w1 w2 w2 w1
w1 w0 w1 w2 w2
w2 w1 w0 w1 w2
w2 w2 w1 w0 w1
w1 w2 w2 w1 w0

 .
There are atually 72 representatives, all related by independent permutations of rows
and olumns, as in setion (5).
The trajetories of the iterations of ϕ are onned to algebrai urves. The
entropy vanishes and the seondary index κ has value 2 [15, 16℄. The orresponding
statistial mehanial model is known to be integrable, via star-triangle relation,
when these urves degenerate to rational urves and the symmetry group beomes
nite [9, 17, 10, 24℄.
One should keep in mind that admissible patterns of size 5 × 5 easily yield
transformations with exponential growth of the degree. For example the yli matrix







and the orresponding statistial mehanial model is generially not star-triangle
integrable.
We have used the arithmetial method desribed in setion (3) to evaluate the
entropy for both the symmetri pattern (symmetri 5 × 5 Boltzmann matrix) and
the general ve-state model (5 × 5 Boltzmann matrix with no relations between the
entries)♯ . We found the same value for the entropy as for the yli matrix, given by
equation (48).
In ontrast, if one restrits the 5 × 5 Boltzmann matrix to be both yli
and symmetri, the entropy vanishes, and the transformation ϕ has one algebrai
invariant [25℄.
One may wonder if the entropy alulated for the yli matrix, the symmetri
matrix, and the most general q× q matrix still identify for q ≥ 6. One may also try to
evaluate the entropy for the yli-symmetri pattern, and provide a losed expression
valid for all values of q, and similar to (48).
♯ For a generi 5× 5 matrix the oeients got as large as 10720000 after six iterations.
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10. Conlusion and perspetives
We have given a lassiation of four-state spin models aording to the properties of
the realization of I-symmetries.
This preparatory work provides the optimal parametrizations of the models.
If one is looking for integrability via solutions of star-triangle equations, one
should stik to ases where the parameters live on invariant algebrai varieties. Those
may be present for generi values of the parameters, or appear by a ollapse of
the realization of the innite group to a nite group, or by the degeneration of
transendental invariants to algebrai ones.
The algebrai approah presented here may be omplemented with randommatrix
theory, as in [19℄, to loate solvability of the lattie models.
One may have to examine in detail the properties of both the matrix produt
and the element by element produt, and not just the stability by the orresponding
inverses, when mixed with matrix transposition. One should notie that the
Boltzmann matries of the models whih are known to be integrable via the star-
triangle relation, i.e Γ1, Γ2, Γ4, Γ5 with the notations of setion 5, are (bi)-stohasti
matries (sum of elements on lines and olumns are onstant).
A detailed analysis of the star-triangle equations will then proeed on a ase by
ase basis, whih is beyond the sope of this paper.
Appendix A. List of the 42 admissible patterns for q = 4
The sixteen entries of eah 4 × 4 matrix are presented on one line in the order
[W11,W12,W13,W14,W21,W22, . . . ,W43,W44]. The hoie of the representative is
arbitrary, and should be understood modulo permutations of lines and olumns. The
list is arranged with inreasing number of independent homogeneous parameters, and
this number is indiated after the list of entries. The last item of eah line is the
number of patterns in the similarity lass.
#1 : [w0 ,w0 ,w0 ,w1 ,w0 ,w0 ,w1 ,w0 ,w0 ,w1 ,w0 ,w0 ,w1 ,w0 ,w0 ,w0 ] 2 , 3
#2 : [w0 ,w0 ,w1 ,w0 ,w0 ,w1 ,w0 ,w0 ,w1 ,w0 ,w0 ,w0 ,w0 ,w0 ,w0 ,w1 ] 2 , 6
#3 : [w0 ,w1 ,w1 ,w1 ,w1 ,w0 ,w1 ,w1 ,w1 ,w1 ,w0 ,w1 ,w1 ,w1 ,w1 ,w0 ] 2 , 1
#4 : [w0 ,w1 ,w2 ,w2 ,w1 ,w0 ,w2 ,w2 ,w2 ,w2 ,w1 ,w0 ,w2 ,w2 ,w0 ,w1 ] 3 , 3
#5 : [w0 ,w1 ,w2 ,w0 ,w1 ,w0 ,w0 ,w2 ,w2 ,w0 ,w0 ,w1 ,w0 ,w2 ,w1 ,w0 ] 3 , 3
#6 : [w0 ,w0 ,w1 ,w2 ,w0 ,w0 ,w2 ,w1 ,w2 ,w1 ,w0 ,w0 ,w1 ,w2 ,w0 ,w0 ] 3 , 3
#7 : [w0 ,w1 ,w2 ,w2 ,w1 ,w0 ,w2 ,w2 ,w2 ,w2 ,w0 ,w1 ,w2 ,w2 ,w1 ,w0 ] 3 , 3
#8 : [w0 ,w1 ,w1 ,w1 ,w1 ,w2 ,w3 ,w3 ,w1 ,w3 ,w2 ,w3 ,w1 ,w3 ,w3 ,w2 ] 4 , 4
#9 : [w0 ,w1 ,w1 ,w1 ,w1 ,w2 ,w3 ,w2 ,w1 ,w3 ,w2 ,w2 ,w1 ,w2 ,w2 ,w3 ] 4 , 12
#10 : [w0 ,w1 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w0 ,w1 ] 4 , 3
#11 : [w0 ,w1 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w3 ,w2 ,w1 ,w0 ,w2 ,w3 ,w0 ,w1 ] 4 , 3
#12 : [w0 ,w1 ,w1 ,w2 ,w3 ,w2 ,w0 ,w3 ,w3 ,w0 ,w2 ,w3 ,w2 ,w1 ,w1 ,w0 ] 4 , 3
#13 : [w0 ,w1 ,w0 ,w2 ,w2 ,w3 ,w1 ,w3 ,w0 ,w2 ,w0 ,w1 ,w1 ,w3 ,w2 ,w3 ] 4 , 3
#14 : [w0 ,w1 ,w2 ,w0 ,w1 ,w3 ,w3 ,w2 ,w2 ,w3 ,w3 ,w1 ,w0 ,w2 ,w1 ,w0 ] 4 , 3
#15 : [w0 ,w1 ,w1 ,w2 ,w3 ,w0 ,w2 ,w3 ,w3 ,w2 ,w0 ,w3 ,w2 ,w1 ,w1 ,w0 ] 4 , 3
#16 : [w0 ,w1 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w2 ,w3 ,w0 ,w1 ,w3 ,w2 ,w1 ,w0 ] 4 , 1
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#17 : [w0 ,w1 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w3 ,w2 ,w0 ,w1 ,w2 ,w3 ,w1 ,w0 ] 4 , 3
#18 : [w0 ,w1 ,w2 ,w0 ,w3 ,w4 ,w3 ,w3 ,w2 ,w1 ,w0 ,w0 ,w0 ,w1 ,w0 ,w2 ] 5 , 12
#19 : [w0 ,w1 ,w2 ,w3 ,w1 ,w4 ,w1 ,w1 ,w3 ,w1 ,w0 ,w2 ,w2 ,w1 ,w3 ,w0 ] 5 , 4
#20 : [w0 ,w1 ,w2 ,w0 ,w3 ,w0 ,w0 ,w4 ,w4 ,w0 ,w0 ,w3 ,w0 ,w2 ,w1 ,w0 ] 5 , 3
#21 : [w0 ,w1 ,w2 ,w1 ,w3 ,w2 ,w4 ,w0 ,w2 ,w1 ,w0 ,w1 ,w4 ,w0 ,w3 ,w2 ] 5 , 6
#22 : [w0 ,w1 ,w1 ,w1 ,w2 ,w3 ,w4 ,w4 ,w2 ,w4 ,w3 ,w4 ,w2 ,w4 ,w4 ,w3 ] 5 , 4
#23 : [w0 ,w1 ,w2 ,w2 ,w1 ,w0 ,w2 ,w2 ,w2 ,w2 ,w3 ,w4 ,w2 ,w2 ,w4 ,w3 ] 5 , 3
#24 : [w0 ,w1 ,w1 ,w1 ,w1 ,w2 ,w3 ,w4 ,w1 ,w3 ,w4 ,w2 ,w1 ,w4 ,w2 ,w3 ] 5 , 4
#25 : [w0 ,w1 ,w2 ,w3 ,w4 ,w0 ,w4 ,w2 ,w2 ,w3 ,w0 ,w1 ,w4 ,w2 ,w4 ,w0 ] 5 , 6
#26 : [w0 ,w1 ,w2 ,w3 ,w4 ,w0 ,w3 ,w5 ,w5 ,w3 ,w0 ,w4 ,w3 ,w2 ,w1 ,w0 ] 6 , 3
#27 : [w0 ,w1 ,w0 ,w2 ,w3 ,w4 ,w5 ,w4 ,w0 ,w2 ,w0 ,w1 ,w5 ,w4 ,w3 ,w4 ] 6 , 3
#28 : [w0 ,w1 ,w1 ,w1 ,w2 ,w3 ,w4 ,w5 ,w2 ,w5 ,w3 ,w4 ,w2 ,w4 ,w5 ,w3 ] 6 , 4
#29 : [w0 ,w1 ,w2 ,w1 ,w3 ,w4 ,w3 ,w5 ,w2 ,w1 ,w0 ,w1 ,w3 ,w5 ,w3 ,w4 ] 6 , 3
#30 : [w0 ,w1 ,w2 ,w3 ,w1 ,w4 ,w3 ,w5 ,w2 ,w3 ,w0 ,w1 ,w3 ,w5 ,w1 ,w4 ] 6 , 3
#31 : [w0 ,w1 ,w2 ,w3 ,w3 ,w4 ,w1 ,w5 ,w2 ,w3 ,w0 ,w1 ,w1 ,w5 ,w3 ,w4 ] 6 , 3
#32 : [w0 ,w1 ,w1 ,w1 ,w2 ,w3 ,w4 ,w5 ,w2 ,w4 ,w5 ,w3 ,w2 ,w5 ,w3 ,w4 ] 6 , 4
#33 : [w0 ,w1 ,w2 ,w3 ,w4 ,w2 ,w5 ,w0 ,w2 ,w3 ,w0 ,w1 ,w5 ,w0 ,w4 ,w2 ] 6 , 3
#34 : [w0 ,w1 ,w2 ,w1 ,w1 ,w3 ,w4 ,w5 ,w2 ,w4 ,w6 ,w4 ,w1 ,w5 ,w4 ,w3 ] 7 , 6
#35 : [w0 ,w1 ,w2 ,w2 ,w1 ,w0 ,w2 ,w2 ,w3 ,w4 ,w5 ,w6 ,w4 ,w3 ,w6 ,w5 ] 7 , 6
#36 : [w0 ,w1 ,w2 ,w2 ,w3 ,w0 ,w4 ,w4 ,w4 ,w2 ,w5 ,w6 ,w4 ,w2 ,w6 ,w5 ] 7 , 6
#37 : [w0 ,w1 ,w2 ,w3 ,w1 ,w0 ,w3 ,w2 ,w4 ,w5 ,w6 ,w7 ,w5 ,w4 ,w7 ,w6 ] 8 , 3
#38 : [w0 ,w1 ,w2 ,w2 ,w3 ,w4 ,w5 ,w5 ,w6 ,w7 ,w8 ,w9 ,w6 ,w7 ,w9 ,w8 ] 10 , 6
#39 : [w0 ,w1 ,w2 ,w3 ,w1 ,w4 ,w5 ,w6 ,w2 ,w5 ,w7 ,w8 ,w3 ,w6 ,w8 ,w9 ] 10 , 1
#40 : [w0 ,w1 ,w2 ,w3 ,w4 ,w0 ,w5 ,w6 ,w6 ,w3 ,w7 ,w8 ,w5 ,w2 ,w9 ,w7 ] 10 , 3
#41 : [w0 ,w1 ,w2 ,w3 ,w4 ,w5 ,w1 ,w6 ,w7 ,w4 ,w0 ,w8 ,w8 ,w6 ,w3 ,w9 ] 10 , 6
#42 : [w0 ,w1 ,w2 ,w3 ,w4 ,w5 ,w6 ,w7 ,w8 ,w9 ,w10 ,w11 ,w12 ,w13 ,w14 ,w15 ] 16 , 1
Appendix B. Generating funtions











1 + 2 s− s2 + s4)
(1− s)2
10, 11, 16, 17
(1 + 3 s)
2
(1− s)3
12, 13, 14, 15
1 + 3 s
(1− s)2
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18, 22










1 + 4 s− s2)
(1− s)3
21, 25
1 + 8 s+ 12 s2 + 18 s3 + 13 s4 + 6 s5 − 2 s6
(1 + s) (1 + s+ s2) (1− s)4
26, 30, 31, 33
1 + 11 s+ 11 s2 − 7 s3
(1− s)4
27, 29




1 + s+ s2
) (
1 + 7 s− 2 s2)
(1− s)3
34, 36
1 + 12 s+ 16 s2 + 3 s3 + 8 s4 + 4 s5 − 2 s6
(1 + s) (1− s)3
35
1 + 12 s+ 24 s2 + 34 s3 + 27 s4 + 14 s5
(1 + s) (1 + s+ s2) (1− s)4
37
1 + 17 s+ 19 s2 − 5 s3
(1− s)4
38
1 + 18 s+ 11 s2 + 10 s3 + 8 s4 + 8 s5
(1 + s) (1− s)3
39, 40, 41
1 + 23 s+ 15 s2 + 5 s3 + 4 s4
(1− s)4
42
1 + 41 s+ 3 s2 + 35 s3 + 16 s4
(1− s)4
Appendix C. Admissible patterns for q = 3
#1 : [w0 ,w1 ,w1 ,w1 ,w0 ,w1 ,w1 ,w1 ,w0 ]
#2 : [w0 ,w0 ,w1 ,w0 ,w1 ,w0 ,w1 ,w0 ,w0 ]
#3 : [w0 ,w1 ,w2 ,w2 ,w0 ,w1 ,w1 ,w2 ,w0 ]
#4 : [w0 ,w1 ,w2 ,w1 ,w2 ,w0 ,w2 ,w0 ,w1 ]
#5 : [w0 ,w1 ,w1 ,w1 ,w2 ,w3 ,w1 ,w3 ,w2 ]
#6 : [w0 ,w1 ,w1 ,w2 ,w3 ,w4 ,w2 ,w4 ,w3 ]
#7 : [w0 ,w1 ,w2 ,w2 ,w3 ,w4 ,w1 ,w5 ,w3 ]
#8 : [w0 ,w1 ,w2 ,w1 ,w3 ,w4 ,w2 ,w4 ,w5 ]
#9 : [w0 ,w1 ,w2 ,w3 ,w4 ,w5 ,w6 ,w7 ,w8 ]
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Appendix D. Some algebrai invariants for q = 3






2w3 − w0 w22
)2






2 − w0 w32
)2











w1 w2 w4 − w0 w32
)2





w1 w2 w3 − w42w0
)2






w3 w5 − w42
)





w3 w5 − w42
)
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